A novel quantum Smoluchowski dynamics in an external, nonlinear potential has been derived recently. In its original form, this overdamped quantum dynamics is not compatible with the second law of thermodynamics if applied to periodic, but asymmetric ratchet potentials. An improved version of the quantum Smoluchowski equation with a modified diffusion function has been put forward in L. Machura et al. (Phys. Rev. E 70 (2004) 031107) and applied to study quantum Brownian motors in overdamped, arbitrarily shaped ratchet potentials. With this work we prove that the proposed diffusion function, which is assumed to depend (in the limit of strong friction) on the second-order derivative of the potential, is uniquely determined from the validity of the second law of thermodynamics in thermal, undriven equilibrium. Put differently, no approximation-induced quantum Maxwell demon is operating in thermal equilibrium. Furthermore, the leading quantum corrections correctly render the dissipative quantum equilibrium state, which distinctly differs from the corresponding Gibbs state that characterizes the weak (vanishing) coupling limit. r
Introduction
In classical statistical physics, the description of a system coupled to thermal bath of temperature T is formulated in terms of Langevin-type equations and corresponding Fokker-Planck or master equations [1, 2] . This scheme models the phenomenon of Brownian motion, a phenomenon that has been described theoretically by the two ''grandfathers'' of Brownian motion: Albert Einstein and Marian von Smoluchowski [3, 4] . For a classical Brownian particle moving in an external field, the statistical properties are described by the Klein-Kramers equation in the phase space of position and momentum degree of freedom [1, 2, 5] . In the strong friction limit it reduces to the so-called Smoluchowski equation in position space alone [6] . The issue of quantum Brownian motion is more subtle [7] . In this context, it is important to note that for a correct description of the quantum dynamics of the subsystem, the Brownian particle must at all times be consistent with the Heisenberg principle and the commutator structure of quantum dynamics; as a consequence, the reduced dynamics modeled in the form of a corresponding quantum Langevin equation must necessarily operate in the total Hilbert space of the system dynamics (i.e., the particle) and the thermal bath degrees of freedom. Given an initial preparation scheme [8] , a consistent statistical description is also possible as well in terms of (generalized) quantum master equations for the reduced density operator of the system dynamics alone, i.e., the quantum Brownian dynamics. An example constitutes the weak coupling limit, for which quantum master equations (e.g. of Lindblad form) have been derived [9] . The strong friction limit has only recently attracted interest. Different approaches have been proposed in the recent years that are seemingly not wholly consistent with each other [10] . Here, we follow the scheme that is rigorously based on a path integral formulation of the (reduced) quantum Brownian motion [5, 7] .
Following Ankerhold-Pechukas-Grabert [11] , the limit of strong friction can be described by a corresponding quantum Smoluchowski dynamics containing leading quantum corrections. For a particle of mass M moving in the potential V ðxÞ; such a quantum Smoluchowski equation has been derived for the diagonal part of the density operator rðtÞ; i.e., for the probability density Pðx; tÞ ¼ hxjrðtÞjxi in the position space x. It explicitly reads [11] gMt Pðx; tÞ
where g is a friction coefficient. The effective potential reads V eff ðxÞ ¼ V ðxÞ þ ð1=2ÞlV 00 ðxÞ ;
wherein the prime denotes the derivative with respect to the coordinate x. The effective diffusion coefficient
both includes leading quantum corrections described by the (quantum)-parameter
and k B is the Boltzmann constant. The parameter l is nonlinear with respect to the Planck constant _ and measures typical quantum fluctuations in the position space [11, 12] . Note that at strong friction, the leading quantum corrections vanish for (biased) free quantum-Brownian motion, i.e., for potentials with V ðxÞ ¼ const; or with linear V ðxÞ ¼ ax; in the two latter cases no normalizable stationary state occurs. The validity regime for Eq. (1) is in the quantum Smoluchowski regime when lb1=Mbg 2 and k B T5_g [11] . Note that formally l diverges at zero temperature; it is thus important to note that the limit b ! 1 should be taken only after the limit g ! 1:
This equation assumes the form-within the regime of validity with D eff 40-of a classical Smoluchowski equation with state-dependent diffusion. Thus, it intrinsically obeys detailed balance for all confining potentials V eff ðxÞ obeying V eff ðx ! AEÞ ¼ 1: Put differently, for unbounded, confining potentials this one-dimensional Smoluchowski equation obeys formally detailed balance. This situation changes, however, for the class of bounded potentials. For example, in a periodic potential V eff ðxÞ; the second law of thermodynamics implies that no stationary current is supported. This is the case if detailed balance also holds for the class of such periodic potentials, or more generally, for bounded potentials.
It is thus a nontrivial observation that-upon inspection-the above Smoluchowski equation indeed does not obey the second law of thermodynamics for periodic potentials. Indeed, let us consider a periodic potential V ðxÞ ¼ V ðx þ LÞ of period L. From Eq. (1), following the reasoning of Stratonovich [13] , but generalized here to state-dependent diffusion, see [14] , the stationary drift velocity hvi of the particle emerges as
exp½CðyÞ dy dx (5) with the generalized thermodynamic potential given by
If the periodic potential is asymmetric, e.g., V ðxÞ ¼ cosð2pxÞ þ ð1=4Þ sinð4pxÞ; and L ¼ 1; the generalized thermodynamic potential CðLÞa0: Consequently, a nonzero stationary drift velocity occurs in the thermal equilibrium state, i.e., an approximation-induced quantum Maxwell demon [15] is seemingly at work.
Diffusion function
In the recent work [16] , we have proposed an improved quantum Smoluchowski equation, in which the effective potential V eff ðxÞ is the same as in (2) (1) should coincide at strong friction with the exact distribution [17] .
Condition (ii) may seem to be restrictive: the unknown diffusion function could depend functionally not only on V 00 ðxÞ; but also on higher order derivatives of the potential. However, if we take into account the leading quantum corrections in the asymptotic strong friction limit, such higher order derivatives of V ðxÞ can safely be neglected.
Next, from the first two conditions we obtain
The second part of the integral, which contains the contribution V 000 ðxÞ; is zero for arbitrary periodic functions V ðxÞ and functions F ½V 00 ðxÞ; for which the integral exists. Indeed, upon a change in the integration variable x to the new variable y ¼ V 00 ðxÞ; and a partition of the interval ½0; L into a sum of subintervals, on which the function V 00 ðxÞ is monotonic, we find that this second contribution is proportional to 
With this work we show that there is indeed only one function F ðyÞ; for which condition (9) is obeyed for an arbitrary periodic potential V ðxÞ ¼ V ðx þ LÞ: In our proof, we use the well-known functional method familiar from theoretical mechanics: among all possible trajectories, find the one for which the functional (called the action) is extremal. Our task can be formulated as follows: among all possible functions F ðV 00 ðxÞÞ; find the one for which (9) 
Let X be a set of L-periodic functions f :
Proof. Consider a functional S on X given by the expression
Then, from (11) it follows that the functional Sðf Þ is constant and its increment Sðf þ hÞ À Sðf Þ ¼ 0 for every f 2 X and h 2 X ; this implies that the functional derivative ðdS=df ÞðhÞ ¼ 0; i.e., by use of the notation Gðf 
Since f ð0Þ ¼ f ðLÞ; hð0Þ ¼ hðLÞ and f 0 ðLÞ ¼ f 0 ð0Þ; one finds
where
Given the proposition proved in the appendix it follows that c const: Next, let f a;m be a family of functions from the set X such that f a;m ðyÞ ¼ m 2 y 2 þ a; a 2 R; m 2 R; for y 2 ð 
and consequently amG 00 ðmyÞ þ m 
Since the left-hand side of this equation is constant for arbitrary a; we conclude that G 00 ðmyÞ const for my 2 ð for y 2 R: With the result G 00 ¼ const; it thus follows uniquely that GðyÞ ¼ a þ by þ cy 2 ; where a; b; c 2 R: Insertion of GðyÞ into (21) yields c ¼ 0: As a main result we obtain GðyÞ ¼ a þ by; thereby completing the proof.
Discussion and conclusion
Given Theorem 1, it follows that the sought-after diffusion function F in (9) assumes the form
with arbitrary constants a and b. These two constants can be determined as follows: expand (22) into a series. Then for a ¼ b and b ¼ Àlb 2 ; the diffusion functions (3) and (22) coincide to the first order with respect to the quantity ðxÞ ¼ jlbV 00 ðxÞjo1: For smooth periodic functions V ðxÞ; this inequality can be fulfilled for arbitrary x and sufficiently small lb: Note that, V 00 ðxÞ is bounded for arbitrary x and the convergence of (22) to Eq. (3) is uniform. Given the above findings, we propose a new quantum Smoluchowski equation (1) with the modified diffusion function reading
which must be interpreted as the leading, nonperturbative, asymptotic large friction result.
In conclusion, the above quantum stochastic dynamics becomes, in this strong friction limit equivalent to a classical, overdamped Brownian dynamics in the effective potential (2) 
where the dot denotes the time derivative and xðtÞ is classical Gaussian white noise of vanishing mean and correlation hxðtÞxðsÞi ¼ dðt À sÞ: Our result for the quantum Smoluchowski equation resembles in spirit the problem of modeling colored (or correlated) noise in classical, nonlinear stochastic physics in terms of an effective Fokker-Planck equation [18] . The Langevin equation with Gaussian nonwhite noise constitutes a nonMarkovian process whose single time stochastic dynamics in limiting cases can be approximated well by a corresponding (single time) Markovian diffusion process. This latter Markovian diffusion process is equivalently described by the Langevin equation with Gaussian white noise and a state-dependent diffusion coefficient [18] . For example, for a Langevin equation with additive Ornstein-Uhlenbeck noise, Fox [19] derived in the limit of small Ornstein-Uhlenbeck noise correlation time t the following asymptotic form of the diffusion function
where D 0 is the noise intensity. The same characteristic contribution 1=½1 þ tV 00 ðxÞ occurs in the theory of unified colored-noise approximation, which in fact bridges small correlation times with large correlation times [20] . We observe that in both diffusion functions (23) and (25) In the quantum Smoluchowski case, the corresponding thermal quantum noise is also not white and the corresponding quantum Brownian motion corresponds to a nonMarkovian quantum dynamics, which here (limit of large friction) is approximated by the Markovian diffusion process described by Eq. (1) . If the analogous parameter to t; i.e., l approaches zero at high temperatures, i.e., b ! 0 then the new diffusion function D 2 ðxÞ ! 1=b in (23), i.e., the classical limit is approached.
The periodic stationary solution PðxÞ of (1) with the diffusion function (23) reads
where the equilibrium thermodynamic potential assumes the form 
To the first order in l; it coincides with that presented in Eq. (11) of Ref. [11] and it reduces for the harmonic oscillator to the exact probability density in the strong friction limit [17] . Remarkably, this quantum equilibrium potential depends in the strong coupling limit between system and bath explicitly on the friction strength g: Put differently, in clear contrast to the case of weak coupling, the quantum thermal equilibrium state is not of the Gibbs form, meaning that FðxÞaV ðxÞ: In summary, we have shown that the diffusion function in the quantum Smoluchowski limit is uniquely determined to be of the form in (23). It depends on the potential via V 00 ðxÞ; and is consistent with dissipative quantum equilibrium thermodynamics. Moreover, the diffusion function should not become negative; the diffusion function in (23) is positive for the sufficiently small quantum correction parameter l and for bounded V 00 ðxÞ: This holds true for the case of smooth, spatially periodic asymmetric potentials, i.e., so-called Brownian motor systems [21] , for which our approximate quantum Smoluchowski equation is valid in the whole state space of the system [16] . If V 00 ðxÞ is not bounded, as it occurs for bistable systems, the Smoluchowski equation (1) with the new diffusion function (23) is valid only in a restricted domain of the state space. This same restriction holds also for the related problem of colored noise-driven classical dynamical systems [18] .
In this appendix we prove the following proposition:
Proof ( 
because cðxÞ4cðx 0 Þ; hðxÞ40 for x 2 ðx 0 ; x 0 þ eÞ; and cðxÞocðx 0 Þ; hðxÞo0 for x 2 ðx 0 À e; x 0 Þ: Consequently, R L 0 cðxÞhðxÞ dx40; this finding in turn contradicts the assumption that the integral is zero. Thus, for every function f 2 X we have c ¼ const; and this completes the proof of the proposition. &
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